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Let G be a Polish group. G is said to be an algebraically determined Polish group if
for any Polish group H and algebraic isomorphism ϕ : H → G we have that ϕ is a
topological isomorphism. Let H be a separable inﬁnite dimensional complex Hilbert space.
The purpose of this paper is to prove that the unitary group and the complex isometry
group of H are algebraically determined Polish groups. Similar results hold for most (but
not all) of the ﬁnite dimensional complex isometry groups but are false for the ﬁnite
dimensional unitary groups.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
There is a long and distinguished history in mathematics devoted to determining those abstract groups G whose algebraic
structure implies strong constraints on any reasonable Hausdorff topological group structure on G . Not every reasonable
abstract group can impose such constraints. For example (R,+) and (Rn,+) (n  2) are algebraically isomorphic because
both are vector spaces over Q of the same large dimension but certainly are not topologically isomorphic. Perhaps the
ﬁrst positive result of this nature is due to Elie Cartan [3], who showed that if G is a compact connected semisimple Lie
group, H is a Lie group and ϕ : G → H is an abstract group homomorphism whose image is bounded, then ϕ is continuous.
van der Waerden [24] gave a very simple proof of Elie Cartan’s result. Later Hans Freudenthal [4] extended these results
to nonabelian connected semisimple Lie groups G which are absolutely simple (i.e., the complexiﬁcation of the Lie algebra
of G remains simple as a real Lie algebra). Freudenthal showed that if G is absolutely simple, H is any connected Lie group
and ϕ : H → G is an algebraic isomorphism, then ϕ is a topological isomorphism and therefore an analytic diffeomorphism.
This result applies to SL2(R), but it is not true for SL2(C) as von Neumann noted that if ψ is a discontinuous automorphism
of C, the mapping










is not continuous. Furthermore, Borel and Tits ([2] and [23]) extended Freudenthal’s results in a variety of ways to Lie
groups over locally compact ﬁelds.
It is reasonable to put some constraint on the Hausdorff topological group topologies under consideration for any group
can be given the discrete topology. In this paper the groups under consideration will constrained to be Polish (complete
separable metrizable topological) groups, which is an extremely large class of groups that encompasses all locally compact
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algebraically determined Polish group if for any Polish group H and algebraic isomorphism ϕ : H → G we have that ϕ is
a topological isomorphism. Any automorphism of an algebraically determined Polish group is continuous. Many groups of
interest have been shown to be algebraically determined Polish groups. This list includes S∞ , the group of all permutations
of the natural numbers [9], all compact connected metric groups with totally disconnected center ([7] and [10]), which
includes the compact connected semisimple Lie groups considered by Cartan and van der Waerden, the ax + b group [11],
the homeomorphism groups of manifolds, the diffeomorphism groups of smooth manifolds and the homeomorphism group
of the Hilbert cube [13], the group of measure preserving transformations of [0,1] [12] and the p-adic integers [8]. The Baire
category theorem implies that any countable Polish group is discrete. Therefore any countable Polish group is an algebraically
determined Polish group. However, many groups of interest are not algebraically determined, e.g., (Rn,+) or SL(n,C) or the
Heisenberg group or R3  SO(3). As examples of how delicate the situation can be, the proper Lorentz group and the
proper orthochronous Lorentz group are not algebraically determined, but the Lorentz group, the orthochronous Lorentz
group, the Poincaré group and the three closely associated natural semidirect products are algebraically determined [14].
The purpose of this paper is to add to the list of known algebraically determined Polish groups. If H is a separable inﬁnite
dimensional complex Hilbert space, then the unitary group U(H) and the complex isometry group H U(H) (the natural
semidirect product of U(H) with the additive group of H) are both algebraically determined Polish groups if U(H) is given
the strong operator topology (or, equivalently, the weak operator topology). The result for U(H) is perhaps surprising since
the ﬁnite dimensional unitary groups U(n) are not algebraically determined Polish groups. This follows since it is elementary
to check that U(n) is algebraically isomorphic to R× U(n) and therefore has discontinuous abstract group automorphisms
since such is true for (R,+). The key difference between the ﬁnite and inﬁnite dimensional cases is that every element
of U(H) is a commutator [6, page 134, problem 191]. On the other hand the natural semidirect products Cn U(n) (n 1)
and Cn  SU(n) (n  2) are algebraically determined Polish groups. Results in descriptive set theory [15,18,19,22] are key
tools used in this paper. A variety of preliminary general results on descriptive set theory and Polish groups are given in
Section 2. Sections 3 and 4 are successively devoted to results for U(H) and the complex isometry groups. Section 5 is
devoted to the proof that the ﬁnite or countably inﬁnite product of the any mixture of these groups is an algebraically
determined Polish group. The work on isometry groups was prompted by a question posed by Su Gao after he was told the
other results.
Why does one have to resort to special arguments in order to determine if an interesting Polish group is algebraically de-
termined? Isn’t there a general theorem which would have all the aforementioned important albeit special results as simple
corollaries? There seems to be only one useful guiding principal, viz., that an algebraic isomorphism between Polish groups
which is measurable with respect to the σ -algebra of sets with the Baire property is a topological isomorphism. However,
using this general principal can, in each instance, require a considerable amount of ingenuity, making very detailed use of
the algebraic structure of the individual Polish group in question. After all, what do the algebraic structures of the p-adic
integers, or of the totally real semisimple Lie groups, and or of the diffeomorphism groups of spheres (all algebraically de-
termined Polish groups) have in common? Perhaps the situation is slightly reminiscent of that in logic, where there is a very
general principal (forcing) that can be applied to many different situations in order to prove independence results, but each
situation requires considerable ingenuity. On the other hand, a few very special groups, e.g., S∞ and the homeomorphism
group of [0,1], have a stronger property, viz., that any algebraic injection into a separable topological group is automati-
cally continuous [21]. This stronger property does not hold for many algebraically determined Polish groups, SL(n,R) or the
p-adic integers, for example. For others, for example the diffeomorphism groups or homeomorphism groups of manifolds,
known to be algebraically determined since 1986 [13], it apparently is unsettled if this stronger property holds.
2. Preliminary results
This section is devoted to recalling and proving miscellaneous results on Polish groups, some of which perhaps are known
but seem to be hard to reference precisely, some of which are of independent interest and most of which are required in
the proofs of the main theorems.
If X is a topological space, let B(X), the Borel subsets of X , be the σ -algebra generated by the open subsets of X and
let BP(X), the subsets of X with the Baire property, be the σ -algebra generated by B(X) and the meager subsets of X .
If X is a Polish space, then BP(X) contains the analytic subsets of X . The following proposition, a slight paraphrase of
Theorem 1.2.6 in [1], is the basic general principal used to establish the results discussed in this paper. It is a consequence
of the Banach–Kuratowski–Pettis theorem (Theorem 9.09, [15]).
Proposition 1. Let H and G be two Polish groups and let ϕ : H → G be an algebraic homomorphism that isBP(H)-measurable. Then
ϕ is continuous. Furthermore, ϕ is open if ϕ(H) is nonmeager. In particular, if ϕ is an algebraic isomorphism, then ϕ is a topological
isomorphism.
Actually a slight strengthening of Proposition 1 will prove to be useful. In this paper neighborhoods are not necessarily
open.
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at e, and ϕ : H → G a group homomorphism such that U ∈ S ⇒ ϕ−1(U ) ∈BP(H). Then ϕ is measurable with respect to BP(H).
Proof. Let F be the collection of all intersections of ﬁnite subsets of S . Then F is a basis for the topology of G at e.
Furthermore, if U ∈F , then ϕ−1(U ) ∈BP(H) since BP(H) is a σ -algebra.
We may and do assume that ϕ is surjective, for ϕ(H) has a countable basis in the relative topology, S ∩ ϕ(H) is a
subbasis for the topology of ϕ(H) at e, F ∩ϕ(H) is a basis for the topology of ϕ(H) at e, and ϕ−1(ϕ(H) ∩ A) = ϕ−1(A) for
any subset of A ⊂ G .
Next, if a ∈ G and U ∈F , then ϕ−1(aU ) ∈BP(H). To see this, choose w ∈ H such that ϕ(w) = a. w exists since ϕ is a
surjection. Then it is simple to check that ϕ−1(aU ) = wϕ−1(U ) ∈BP(H) since BP(H) is invariant under homeomorphisms
and therefore invariant under left translations.
Finally, let V ⊂ G be an arbitrary nonempty open set. It suﬃces to prove that V is a countable union of left translates of
elements of F since BP(H) is a σ -algebra. For each v ∈ V there is some Uv ∈F such that v ∈ Int(vUv ) ⊂ vUv ⊂ V . V has
a countable basis for its topology since G has a countable basis for its topology. It now follows that there is a sequence
{v}1 such that V =⋃1 Int(vUv ) =⋃1 vUv . 
The following corollary is the general principal used in this paper.
Corollary 3. Let H and G be two Polish groups, S a subbasis for the topology of G at e and ϕ : H → G a group homomorphism
such that U ∈ S ⇒ ϕ−1(U ) ∈BP(H). Then ϕ is continuous. Furthermore, ϕ is open if ϕ(H) is nonmeager. In particular, if ϕ is an
algebraic isomorphism, then ϕ is a topological isomorphism.
Proof. Use Lemma 2 and Proposition 1. 
The proofs of the main theorems will require that certain compact connected semisimple Lie groups be algebraically de-
termined Polish groups. A proof that compact connected metrizable groups with totally disconnected center are algebraically
determined Polish groups, a much more general result, is in [10], but the proof is somewhat involved. A proof for what is
needed here was given in [7], but unfortunately in that paper the theorem was stated only for the restricted class of locally
compact groups with a countable basis and not for Polish groups. The following new more general result is given for the
convenience of the reader.
Proposition 4. Let G be a compact connected semisimple Lie group, H a Polish group and ϕ : H → G a surjective homomorphism such
that ϕ−1(e) is an analytic set. Then ϕ is continuous. In particular if ϕ is a bijection, then ϕ is a topological isomorphism and therefore
G is an algebraically determined Polish group.
Proof. First note that if a ∈ G then ϕ−1(a) is an analytic subset of H . To see this, if w ∈ H satisﬁes ϕ(w) = a, then
ϕ−1(a) = ϕ−1(e) · w is certainly an analytic subset of H . Suppose that G is n-dimensional. Then by van der Waerden [24]
the sets of the form {∏1n c(bab−1 a−1)c−1 | b, c ∈ G}, where a is not in the center of G , are a neighborhood basis at e
in G . But then ϕ−1({∏1n c(bab−1 a−1)c−1 | b, c ∈ G}) = {∏1n c(bϕ−1(a)b−1 ϕ−1(a−1))c−1 | b, c ∈ H} is clearly
an analytic set since ϕ−1(a) and ϕ−1(a−1) are analytic sets. Therefore ϕ is continuous by Corollary 3 since analytic sets
are sets with the Baire property. If ϕ is a bijection, then ϕ−1(e) is a single point and therefore an analytic set. Hence, ϕ is
continuous. ϕ is a topological isomorphism by Corollary 3 since ϕ(H) = G and therefore G is an algebraically determined
Polish group. 
In the proofs of the main theorems we will encounter situations in which we have an analytic subgroup of a Polish
group and would like to conclude that the subgroup in question is in fact closed. The next two quite general results give
some useful suﬃcient conditions for this to be the case.
Proposition 5. Let G be a Polish group, A ⊂ G an analytic subset and H ⊂ G an analytic subgroup such that A intersects each H-coset
in exactly one point and G = AH. Then H is closed in G.
Proof. Since the topology on G is Polish, the relative topology on A is second countable and there exists a separating
family of relatively open sets {Ci}i1 for the topology on A. Each Ci is the intersection of an open subset of G with an
analytic subset of G and hence is analytic. Let Ei = CiH for every i  1. Each Ei is analytic and hence has the Baire property
since each Ei is a product of two analytic sets. Since Ei H = CiHH = CiH = Ei for every i  1, we have that each Ei is
right-invariant under H .
Let a, b ∈ A be such that aH 
= bH . Then a 
= b and there exists C such that a ∈ C and b /∈ C . We will show that
E = CH is such that aH ⊂ E and bH ∩ E = ∅. If h ∈ H , then ah ∈ CH = E and hence aH ⊂ E . Suppose that bH ∩ E 
= ∅
and let x ∈ bH ∩ E = bH ∩ CH . Then there exist c ∈ C and h, k ∈ H such that x= bh = ck and hence c = bhk−1 ∈ bH . Since
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that b = c ∈ C , a contradiction. Hence, bH ∩ E = ∅ and therefore the countable collection {Ei}i1 separates the H-cosets.
Miller’s Theorem (Theorem 1, [20]) now implies that H is closed in G . 
Corollary 6. Let G be a Polish group, A ⊂ G a closed subgroup and H ⊂ G an analytic subgroup such that A ∩ H = C is closed in G
and G = AH. Then H is closed in G.
Proof. A is a Polish group since A is a closed subgroup of G . Since C is a closed subgroup of G and hence of A, there is a
Borel subset T ⊂ A which intersects each A/C-coset in exactly one point (Theorem 12.17, [15]). We will prove that G = T H
and that T intersects each H-coset in exactly one point. The conclusion will follow from Proposition 5.
Suppose by way of contradiction that there exists an H-coset aH such that {x, y} ⊂ T ∩ aH and x 
= y. Since x, y ∈ aH
we have that y−1x ∈ H and since x, y ∈ T ⊂ A we have that y−1x ∈ A, y−1x ∈ A ∩ H = C and hence x and y belong to the
same A/C-coset. But then T intersects an A/C-coset in two different points, a contradiction. Hence, T hits each H-coset
in at most one point. Let g ∈ G = AH . Then g = ah with a ∈ A and h ∈ H . But a = tc for some t ∈ T and c ∈ C . Then
g = t(ch) ∈ T H since C ⊂ H . Hence, G = T H . 
A countable product of Polish groups is a Polish group in the product topology. If a countable product of Polish groups is
an algebraically determined Polish group, then it is easy to see that each factor must be an algebraically determined Polish
group. On the other hand, not every countable product of algebraically determined Polish groups is an algebraically deter-
mined Polish group. For example, if G = (Q,+) with the discrete topology for each  1, then each G is an algebraically
determined Polish group, but
∏
1 G as an abstract group is a vector space over Q of dimension 2
c and is therefore al-
gebraically isomorphic to (R,+), which is not an algebraically determined Polish group. Thus some constraints are needed
on the factors to conclude that a countable product of algebraically determined Polish groups is an algebraically determined
Polish group. The following two general propositions give suﬃcient conditions for this to hold and will prove to be useful
in the last section.
Proposition 7. Let {G}1 be a sequence of algebraically determined Polish groups each of which has trivial center. Then G =∏1 G
is an algebraically determined Polish group.
Proof. Let H be a Polish group and let ϕ : H → G be an algebraic isomorphism. If S ⊂ N let GS = ∏∈S G . The cen-
tralizer of GS in G is GN−S and hence GS is the centralizer of GN−S in G . Since HS = ϕ−1(GS ) is the centralizer of
HN−S = ϕ−1(GN−S ) in H , HS is closed in H for every S ⊂N. Furthermore the natural mappings given by group multiplica-
tion GS ×GN−S → G and HS ×HN−S → H are continuous bijective homomorphisms and therefore topological isomorphisms
by Corollary 3. Now H is a closed subgroup of H and ϕ : H → G is a topological isomorphism since each G is an alge-
braically determined Polish group. Furthermore, if F ⊂ N is a ﬁnite set, then GF is topologically isomorphic to ∏∈F G by
Corollary 3 since the multiplication mapping
∏
∈F G → GF is a continuous bijection. Similarly, HF is topologically isomor-
phic to
∏




∈F G is a topological isomorphism, we have that ϕ : HF → GF is a topological
isomorphism for every ﬁnite subset F ⊂ N. Therefore if U ⊂ GF is a Borel set then ϕ−1(U × GN−F ) = ϕ−1(U ) × HN−F is a
Borel subset of H . Therefore ϕ : H → G is a topological isomorphism by the deﬁnition of the product topology on G and by
Corollary 3. Hence, G is an algebraically determined Polish group. 
Note that {e} is an algebraically determined Polish group so that Proposition 7 includes the case of ﬁnite products by
setting G = {e} for all suﬃciently large .
Proposition 8. Let N  1 and let {G}1 be a sequence of algebraically determined Polish groups such that every element of G is the
product of N commutators of pairs of elements of G . Then G =∏1 G is an algebraically determined Polish group.
Proof. Let H be a Polish group and let ϕ : H → G be an algebraic isomorphism. If S ⊂ N let GS =∏∈S G . The centralizer
of GS in G is GN−S ×∏∈S Z(G). The product of N commutators of pairs of elements of GN−S ×∏∈S Z(G) is GN−S . Let
HS = ϕ−1(GS ). Then ϕ−1(GN−S ×∏∈S Z(G)) is the centralizer of HS , a closed subset of H . Therefore the commutator
subgroup of ϕ−1(GN−S ×∏∈S Z(G)), viz., HN−S = ϕ−1(GN−S ), is an analytic subgroup of H . Hence for every S ⊂ N we
have that both HS and HN−S are analytic subgroups of H , HS ∩ HN−S is the identity in H and H = HS · HN−S . Proposition 5
now implies that both HS and HN−S are closed subgroups of H . The natural mapping (a,b) → ab, HS × HN−S → H , is
a continuous bijective homomorphism and therefore H and HS × HN−S are topologically isomorphic by Corollary 3. Now
ﬁnish the proof of this proposition just as one ﬁnished the proof of Proposition 7. 
The following comments will not be used later but perhaps should be brieﬂy noted. H1, the closed unit ball of H, is a
compact metric space in the weak topology since H is separable. Recall the elementary fact that if H is a separable Hilbert
space then the unit ball H1 of H is compact in the weak topology. If R is a von Neumann algebra on H, then the unit
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are then homeomorphic to the Hilbert cube. It now follows from the main theorem of [13] that Hom(H1), the group of
homeomorphisms of H1, is an algebraically determined Polish group. The same is true for Hom(R1). It is an easy exercise
that the natural injection of U(H) into Hom(H1) is a homeomorphism onto its range, a closed subgroup of Hom(H1).
3. The unitary group
If H is an inﬁnite dimensional separable complex Hilbert space let U(H) denote the group of unitary operators on H.
It is well known that the strong operator topology and the weak operator topology coincide on U(H) and that U(H) is a
Polish group in this common topology. In this section we prove that U(H) is an algebraically determined Polish group, one
of the main results of this paper. This is surprising since it is an easy exercise that the ﬁnite dimensional unitary groups
U(n) have discontinuous automorphisms and therefore are not algebraically determined Polish groups. The proof is done in
a sequence of easy lemmas. There are only a few tools one can work with in order to prove a theorem such as this. First,
the centralizer of any nonempty subset of a Hausdorff topological group is closed. Second, the set of commutators of an
analytic subset of a Polish group is analytic and the commutator subgroup of an analytic subgroup of a Polish group is an
analytic subgroup.
If M is a closed subspace of the Hilbert space H (so M is a Hilbert space in its own right) and if UM = {U ∈ U(H) |
U |M⊥ = IM⊥}, then UM is a closed subgroup of U(H) and the mapping i : UM → U(M), i(U ) = U |M is a well deﬁned
isomorphism of topological groups. Accordingly, U(M) may be identiﬁed with UM and we can consider U(M) to be a
closed subgroup of U(H). If G is any group denote by Z(G) the center of G . It is well known that Z(U(H)) = {λI | λ ∈
C and |λ| = 1}.
Lemma 9. Let H be an inﬁnite dimensional separable complex Hilbert space and let M ⊂ H be a closed subspace. If W is in the
centralizer of U(M⊥) in U(H), then W :M→M is surjective and W :M⊥ →M⊥ is surjective.
Proof. Let W be in the centralizer of U(M⊥) in U(H). Let V ∈ U(H) be deﬁned as V (x) = x1−x2 for every x = x1+x2 ∈H,
where x1 ∈ M and x2 ∈ M⊥ . Since V |M = IM we have that V ∈ U(M⊥) and hence WV = VW . Let x1 ∈ M and let
W (x1) = y1 + y2, with y1 ∈M and y2 ∈M⊥ . Then y1 − y2 = V (y1 + y2) = VW (x1) = WV (x1) = W (x1) = y1 + y2, y2 = 0,
W (x1) = y1 ∈ M and hence W : M → M. Let x2 ∈ M⊥ and let W (x2) = y1 + y2, with y1 ∈ M and y2 ∈ M⊥ . Then
y1 − y2 = V (y1 + y2) = VW (x2) = WV (x2) = W (−x2) = −y1 − y2, y1 = 0, W (x2) = y2 ∈M⊥ and hence W :M⊥ →M⊥ .
Let y1 ∈M, y2 ∈M⊥ and y = y1 + y2. Since W is onto H, there exists x = x1 + x2 ∈H such that W (x) = y, where x1 ∈M
and x2 ∈ M⊥ . Therefore y1 − W (x1) = W (x2) − y2 ∈ M ∩M⊥ = {0}, W (x1) = y1, W (x2) = y2 and W : M → M and
W :M⊥ →M⊥ are both surjections. 
Proposition 10. If G is a Polish group,H is an inﬁnite dimensional separable complex Hilbert space,M⊂H is a closed subspace and
ϕ : G → U(H) is an algebraic isomorphism, then ϕ−1(Z(U(H))U(M)) is closed in G.
Proof. We will prove that Z(U(H))U(M) is the centralizer of U(M⊥) in U(H). This will imply that ϕ−1(Z(U(H))U(M))
is the centralizer of ϕ−1(U(M⊥)) in G and therefore ϕ−1(Z(U(H))U(M)) is closed in G . Note that Z(U(H))U(M) = {λU |
U ∈ U(M) where λ ∈C, |λ| = 1}.
Let U ∈ U(M), V ∈ U(M⊥), λ ∈C and x = x1+ x2 ∈H with x1 ∈M and x2 ∈M⊥ . Then U (x2) = x2, V (x1) = x1, U (x1) ∈
M and V (x2) ∈ M⊥ and hence V U (x1) = U (x1) and UV (x2) = V (x2). It follows that λUV (x) = λ(UV (x1) + UV (x2)) =
λ(U (x1) + V (x2)) = λ(V U (x1) + V U (x2)) = λV U (x) = V λU (x) and therefore λUV = V λU for every V ∈ U(M⊥). Hence,
Z(U(H))U(M) is contained in the centralizer of U(M⊥) in U(H).
Conversely, let W be in the centralizer of U(M⊥) in U(H). Let U : M⊥ → M⊥ be unitary and let V : H → H be
deﬁned as V (x) = x1 + U (x2) for every x = x1 + x2 ∈ H, where x1 ∈ M and x2 ∈ M⊥ . V is unitary and V |M = IM .
Thus V ∈ U(M⊥) and hence VW = WV . Let x1 ∈ M and x2 ∈ M⊥ . Then by Lemma 9 W (x1) ∈ M and W (x2) ∈ M⊥
and hence W (x1) + UW (x2) = VW (x1) + VW (x2) = VW (x1 + x2) = WV (x1 + x2) = W (x1 + U (x2)) = W (x1) + WU (x2).
Therefore UW (x2) = WU (x2) for every x2 ∈ M⊥ and so UW |M⊥ = W |M⊥U . It follows that W |M⊥ = λIM⊥ for some
λ ∈ C with |λ| = 1. But then λW ∈ U(H) and λW |M⊥ = λλIM⊥ = IM⊥ . Hence, λW ∈ U(M) and therefore W = λλW ∈
Z(U(H))U(M) and the centralizer of U(M⊥) is contained in Z(U(H))U(M). 
Proposition 11. Let G be a Polish group,H is an inﬁnite dimensional separable complex Hilbert space,M⊂H an inﬁnite dimensional
closed subspace and ϕ : G → U(H) an algebraic isomorphism. Then ϕ−1(U(M)) is an analytic subset of G.
Proof. We have that U(M) = {UV U−1V−1 | U , V ∈ Z(U(H))U(M)} since U(M) = {UV U−1V−1 | U , V ∈ U(M)}
[6, page 134, problem 191]. Therefore ϕ−1(U(M)) = {aba−1b−1 | a,b ∈ ϕ−1(Z(U(H))U(M))} is an analytic set since
ϕ−1(Z(U(H))U(M)) is closed in G by Proposition 10. 
Corollary 12. Let G be a Polish group, H is an inﬁnite dimensional separable complex Hilbert space,M⊂H a closed subspace and
ϕ : G → U(H) an algebraic isomorphism. Then ϕ−1(U(M)) is closed in G.
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Suppose M 
=H. By Proposition 10 we have that ϕ−1(Z(U(H))U(M)) is a closed subgroup of G and hence is a Polish
group. ϕ−1(U(M)) ⊂ G is analytic by Proposition 11. Since ϕ is an algebraic isomorphism ϕ−1(Z(U(H))) = Z(G) is a
closed subgroup of G . If U ∈ Z(U(H)) ∩ U(M), then U = λI for some λ ∈ C with |λ| = 1. Therefore λ = 1 and U = I
since U |M⊥ = IM⊥ and M⊥ 
= {0}. Hence ϕ−1(Z(U(H))) ∩ ϕ−1(U(M)) = ϕ−1(Z(U(H)) ∩ U(M)) = ϕ−1(I) = {e}. Finally
ϕ−1(U(M)) is closed in ϕ−1(Z(U(H))U(M)) and therefore closed in G by Proposition 5.
If M is ﬁnite dimensional, let {e}1n be an orthonormal basis for M. Extend this to be an orthonormal basis {e}1
for H. For every j  n+ 1, let M j = span({e}1, 
= j). Each M j is inﬁnite dimensional. Hence, we have that ϕ−1(U(M j))
is closed in G for every j  n + 1 by the ﬁrst part of the proof. Since U ∈ U(M) if and only if U |M⊥ = IM⊥ if and only if
Ue j = e j for every j  n + 1 if and only if U ∈ U(M j) for every j  n + 1 if and only if U ∈⋂ jn+1 U(M j), we have that
U(M) =⋂ jn+1 U(M j) and hence that ϕ−1(U(M)) = ϕ−1(⋂ jn+1 U(M j)) =⋂ jn+1 ϕ−1(U(M j)) is closed in G . 
If M is a ﬁnite dimensional complex Hilbert space and U ∈ U(M), then U ∈ SU(M) if and only if det(U ) = 1. It is well
known that SU(M) is a compact connected semisimple Lie group if dim(M)  2. If dim(M) = n we sometimes denote
SU(M) by SU(n). It is elementary to check that U(M) = Z(U(M))SU(M) and Z(U(M))∩SU(M) = Z(SU(M)) = {λI |
λdim(M) = 1}, a ﬁnite group.
Proposition 13. Let G be a Polish group, H an inﬁnite dimensional separable complex Hilbert space, M ⊂H a ﬁnite dimensional
subspace and ϕ : G → U(H) an algebraic isomorphism. Then ϕ−1(SU(M)) is an analytic subset of G.
Proof. If U ∈ U(M) then U ∈ SU(M) if and only if there exist V , W ∈ U(M) such that U = VW V−1W−1 by the main
theorem in [5]. Hence, ϕ−1(SU(M)) = {aba−1b−1 | a,b ∈ ϕ−1(U(M))}. Since ϕ−1(U(M)) is closed in G by Corollary 12,
we have that ϕ−1(SU(M)) is an analytic subset of G . 
Corollary 14. Let G be a Polish group, H an inﬁnite dimensional separable complex Hilbert space, M ⊂ H a ﬁnite dimensional
subspace and ϕ : G → U(H) an algebraic isomorphism. Then ϕ−1(SU(M)) is closed in G.
Proof. ϕ−1(U(M)) is closed in G by Corollary 12, ϕ−1(U(M)) = ϕ−1(Z(U(M)))ϕ−1(SU(M)), Z(ϕ−1(U(M))) =
ϕ−1(Z(U(M))) is closed in ϕ−1(U(M)), ϕ−1(SU(M)) is an analytic subset of ϕ−1(U(M)) by Proposition 13 and
ϕ−1(Z(U(M))) ∩ ϕ−1(SU(M)) is ﬁnite. Hence, ϕ−1(SU(M)) is a closed subgroup of ϕ−1(U(M)) and therefore a closed
subgroup of G by Corollary 6. 
Lemma 15. Let H be a complex Hilbert space with dim(H)  3, let e1 ∈H be a unit vector and let P be the orthogonal projection
onto span({e1}). Then there exists a three dimensional subspace e1 ∈M⊂H such that for every unitary operator U onH there exists
U0 ∈ SU(M) with PU0(e1) = PU (e1).
Proof. Choose unit vectors e2, e3 ∈H such that {e1, e2, e3} is an orthonormal set, let M= span({e1, e2, e3}) and let U be a
unitary operator on H. Note that since P is the orthogonal projection onto span({e1}), then PU (e1) = λe1 for some λ ∈ C.
We have that |λ| 1 since |λ|2 = ‖λe1‖2 = ‖PU (e1)‖2  ‖e1‖2 = 1.






be the matrix representation of U0 with respect to the basis {e1, e2, e3}. Then U0 ∈ SU(M), U0(e1) = e2 and hence















A direct computation shows that U0 ∈ SU(M). Since U0(e1) = λe1 +
√
1−|λ|2
|λ| λe2 it follows that PU0(e1) = λe1 =
PU (e1). 
Lemma 16. Let H be a Hilbert space, let e ∈H, let P be the orthogonal projection of H onto span({e}) and Q = I − P . If W is a
unitary operator onH with W (e) = e, then W commutes with P and with Q .
A.G. Atim, R.R. Kallman / Topology and its Applications 159 (2012) 2831–2840 2837Proof. Let x ∈ H. Since P (x) ∈ span({e}) and W (e) = e we have that W P (x) = P (x). W ∗(e) = e since W is unitary and
W (e) = e. 〈W Q (x), e〉 = 〈Q (x),W ∗(e)〉 = 〈Q (x), e〉 = 0, so PW Q (x) = 0. It follows that PW (x) = PW (P (x) + Q (x)) =
PW P (x) + PW Q (x) = P2(x) = P (x) = W P (x), PW = W P and therefore Q W = W Q . 
Lemma 17. Let H be an inﬁnite dimensional separable complex Hilbert space, let e ∈H be a unit vector, let  > 0 and let S = {U ∈
U(H) | ‖e − U (e)‖ < }. Then there existsM⊂H a three dimensional subspace such that S = U({e}⊥) · [SU(M) ∩ S] ·U({e}⊥).
Proof. Note that if W ∈ U({e}⊥) and if U ∈ S then ‖e − UW (e)‖ = ‖e − U (e)‖ <  , UW ∈ S , S · U({e}⊥) ⊂ S and hence
S ·U({e}⊥) = S . Furthermore, ‖e−WU (e)‖ = ‖W (e)−WU (e)‖ = ‖e−U (e)‖ <  , WU ∈ S , U({e}⊥) ·S ⊂ S , U({e}⊥) ·S = S
and hence U({e}⊥) · S ·U({e}⊥) = S .
Let P be the orthogonal projection of H onto span({e}) and let Q = I − P . By Lemma 15 there exists a three di-
mensional subspace M ⊂ H such that for every U ∈ U(H) there exists U0 ∈ SU(M) with PU0(e) = PU (e). For such
a U and U0, we have that ‖PU (e)‖2 + ‖Q U (e)‖2 = ‖U (e)‖2 = 1 = ‖U0(e)‖2 = ‖PU0(e)‖2 + ‖Q U0(e)‖2 and therefore
‖Q U (e)‖2 = ‖Q U0(e)‖2. Since Q U (e) ∈ {e}⊥ and Q U0(e) ∈ {e}⊥ there exists W ∈ U({e}⊥) such that W Q U0(e) = Q U (e).
Since W commutes with P and with Q by Lemma 16 we have that WU0(e) = PWU0(e) + Q WU0(e) = W PU0(e) +
W Q U0(e) = PU0(e) + Q U (e) = PU (e) + Q U (e) = U (e), U∗0W ∗U (e) = e, U∗0W ∗U = V ∈ U({e}⊥) and U = WU0V . We also
have that ‖e − U0(e)‖2 = ‖e − PU0(e)‖2 + ‖Q U0(e)‖2 = ‖e − PU0(e)‖2 + ‖W Q U0(e)‖2 = ‖e − PU (e)‖2 + ‖Q U (e)‖2 =
‖P (e − U (e))‖2 + ‖Q (e − U (e))‖2 = ‖e − U (e)‖2. Therefore if U ∈ S we have that U0 ∈ SU(M) ∩ S . In this case we have
that U = WU0V , with W , V ∈ U({e}⊥) and U0 ∈ SU(M) ∩ S . This implies that S ⊂ U({e}⊥) · [SU(M) ∩ S] · U({e}⊥) ⊂
U({e}⊥) · S · U({e}⊥) = S and therefore S = U({e}⊥) · SU(M) ∩ S] ·U({e}⊥). 
Lemma 18. Let G be a Polish group,H an inﬁnite dimensional separable complex Hilbert space, e ∈H a unit vector,  > 0, S = {U ∈
U(H) | ‖e − U (e)‖ < } and ϕ : G → U(H) an algebraic isomorphism. Then ϕ−1(S) is analytic in G.
Proof. Let M be as in Lemma 17 so that S = U({e}⊥) · [SU(M) ∩ S] · U({e}⊥). Since SU(M) is a compact connected
semisimple Lie group if dim(M)  2 [17] we have that ϕ : ϕ−1(SU(M)) → SU(M) is a topological isomorphism by
Corollary 14 and Proposition 4. S ∩ SU(M) is a relatively open subset of SU(M) and therefore ϕ−1(S ∩ SU(M)) is
relatively open in ϕ−1(SU(M)). Since ϕ−1(SU(M)) is closed in G by Corollary 14, we have that ϕ−1(S ∩ SU(M)) is a
Borel subset of G . Since ϕ−1(U({e}⊥)) is closed in G by Corollary 12, it follows that ϕ−1(S) = ϕ−1(U({e}⊥) · [S ∩SU(M)] ·
U({e}⊥)) = ϕ−1(U({e}⊥)) · ϕ−1(S ∩ SU(M)) · ϕ−1(U({e}⊥)) is an analytic subset of G . 
Theorem 19. U(H) is an algebraically determined Polish group ifH is an inﬁnite dimensional separable complex Hilbert space.
Proof. Let G be a Polish group, let ϕ : G → U(H) be an algebraic isomorphism and let {em}m1 be an orthonormal basis
for H. The sets Sm,n = {U ∈ U(H) | ‖em − U (em)‖ < 1/n} (m, n  1) form a subbasis for the topology of U(H) at I . Each
ϕ−1(Sm,n) is an analytic subset of G by Lemma 18. Hence, ϕ is a topological isomorphism by Corollary 3. 
Lemma 20. IfH is an n-dimensional complex Hilbert space then U(H) is algebraically isomorphic to R×U(H).
Proof. Let T = {λI | |λ| = 1}. Then T is algebraically isomorphic to R/Z, T and SU(H) commute and U(H) = T · SU(H).
Since T ∩SU(H) = {λI | λn = 1} is isomorphic to Zn , we have that U(H) is topologically isomorphic to ((R/Z)×SU(H))/Zn .
A simple Hamel basis argument implies that R/Z is algebraically isomorphic to R × (R/Z). Hence U(H) is algebraically
isomorphic to R× ((R/Z) × SU(H))/Zn and therefore to R×U(H). 
Corollary 21. Let n 1. U(n) is not an algebraically determined Polish group and SU(n) is an algebraically determined Polish group.
Proof. U(n) is algebraically isomorphic but certainly not topologically isomorphic to R×U(n) by Lemma 20. Therefore U(n)
has discontinuous automorphisms since the additive group R has discontinuous automorphisms. SU(1) = {1} is trivially
an algebraically determined Polish group. If n  2 then SU(n) is a compact semisimple Lie group and therefore is an
algebraically determined Polish group by Proposition 4. 
4. The complex isometry groups
Let H be a complex Hilbert space viewed as an additive topological group. For every (a,U ) ∈H×U(H) and every x ∈H
we deﬁne (a,U ) :H→H by (a,U )(x) = U (x) + a. Deﬁne HU(H), the semidirect product U(H) and H, to be H×U(H)
with the multiplication deﬁned by the function composition (a,U )(b, V ) = (U (b)+a,UV ). H is identiﬁed both algebraically
and topologically with H × {I} and U(H) is identiﬁed both algebraically and topologically with {0} × U(H). H  U(H),
termed the complex isometry group of H in this paper, is a Polish group in the product topology if H is a separable Hilbert
space. The goal of this section is to prove that HU(H) is an algebraically determined Polish group if H is separable. This
was done in [11] in the special case dim(H) = 1.
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maximal abelian inH U(H).
Proof. If U ∈ U(H) then (0,U )(0,−I) = (0,−U ) = (0,−I)(0,U ). Conversely, if (a,U )(0,−I) = (0,−I)(a,U ) then (a,−U ) =
(−a,−U ), a = 0, (a,U ) ∈ {0}×U(H) and therefore {0}×U(H) is the centralizer of {(0,−I)}. To show that H×{I} is maximal
abelian, let (a,U ) ∈ H  U(H) be such that (a,U )(b, I) = (b, I)(a,U ) for every b ∈ H. Then (U (b) + a,U ) = (a + b,U ),
U (b) = b for every b ∈H, U = I , (a,U ) ∈H× {I} and therefore H× {I} is maximal abelian. 
Lemma 23. LetH be a separable complex Hilbert space, let G be a Polish group and let ϕ : G →H U(H) be an algebraic isomor-
phism. Then ϕ−1(U(H)) and ϕ−1(H) are closed in G.
Proof. ϕ−1(U(H)) is the centralizer of ϕ−1((0,−I)) in G and ϕ−1(H) is maximal abelian in G by Lemma 22. Hence,
ϕ−1(U(H)) and ϕ−1(H) are closed in G since G is Hausdorff. 
Lemma 24. LetH be a separable complex Hilbert space, let G be a Polish group, let ϕ : G →H U(H) be an algebraic isomorphism
and let a ∈H. Then ϕ−1({(b, I) ∈H U(H) | ‖b‖ = ‖a‖}) is an analytic subset of G.
Proof. Let Ta = {(b, I) ∈H U(H) | ‖b‖ = ‖a‖}. We will prove that Ta = {(0,U )(a, I)(0,U )−1 | U ∈ U(H)}. This will imply
that ϕ−1(Ta) = {ϕ−1((0,U ))ϕ−1((a, I))ϕ−1((0,U )−1) | U ∈ U(H)} = {Rϕ−1((a, I))R−1 | R ∈ ϕ−1(U(H))}, which is an ana-
lytic subset of G since ϕ−1(U(H)) is closed in G by Lemma 23. Let U ∈ U(H). Then (0,U )(a, I)(0,U )−1 = (U (a), I) ∈ Ta
since ‖U (a)‖ = ‖a‖ and so {(U ,0)(I,a)(U ,0)−1 | U ∈ U(H)} ⊂ Ta . If (b, I) ∈ Ta then there exists U ∈ U(H) such that
U (a) = b, (b, I) = (U (a), I) = (0,U )(a, I)(0,U )−1 and so Ta ⊂ {(0,U )(a, I)(0,U )−1 | U ∈ U(H)}. 
Lemma 25. LetH be a complex Hilbert space and let a ∈H. If b, c ∈H then {(b − c, I) | ‖b‖ = ‖c‖ = ‖a‖} = {(d, I) | ‖d‖ 2‖a‖}.
Proof. Let b, c ∈H satisfy ‖b‖ = ‖c‖ = ‖a‖ and let d = b − c. Then ‖d‖ = ‖b − c‖  ‖b‖ + ‖c‖ = 2‖a‖ and so {(b − c, I) |
‖b‖ = ‖c‖ = ‖a‖} ⊂ {(d, I) | ‖d‖ 2‖a‖}. Conversely, let d ∈H satisfy ‖d‖ 2‖a‖. Let μ : R→H be deﬁned as μ(θ) = eiθa.
Then μ is continuous, μ(0) = a and μ(π) = −a. The mapping θ → ‖a − μ(θ)‖ is also continuous, ‖a − μ(0)‖ = 0 and
‖a − μ(π)‖ = 2‖a‖. By the Intermediate Value Theorem we have that there exists θ0 such that ‖a − μ(θ0)‖ = ‖d‖, so there
exists U ∈ U(H) such that U (a − μ(θ0)) = d. Let b = U (a) and c = U (eiθ0a). Then ‖b‖ = ‖c‖ = ‖a‖, d = b − c and hence
{(d, I) | ‖d‖ 2‖a‖} ⊂ {(b − c, I) | ‖b‖ = ‖c‖ = ‖a‖}. 
Lemma 26. LetH be a separable complex Hilbert space, let G be a Polish group, let ϕ : G →H U(H) be an algebraic isomorphism
and let a ∈H. Then ϕ−1({(d, I) ∈H U(H) | ‖d‖ 2‖a‖}) is an analytic subset of G.
Proof. Let Ta = {(b, I) ∈HU(H) | ‖b‖ = ‖a‖} be the set deﬁned in the proof of Lemma 24. Then Ta · Ta−1 = {(b, I)(c, I)−1 |
‖b‖ = ‖c‖ = ‖a‖} = {(b − c, I) | ‖b‖ = ‖c‖ = ‖a‖} = {(d, I) | ‖d‖ 2‖a‖} by Lemma 25 and so ϕ−1({(d, I) ∈H U(H) | ‖d‖
2‖a‖}) = ϕ−1(Ta)ϕ−1(Ta)−1. Since ϕ−1(Ta) is an analytic subset of G by Lemma 24 we have that ϕ−1({(d, I) ∈H U(H) |
‖d‖ 2‖a‖}) is analytic. 
Theorem 27. LetH be a separable complex Hilbert space. ThenH U(H) is an algebraically determined Polish group.
Proof. Let G be a Polish group and let ϕ : G → H  U(H) be an algebraic isomorphism. Since ϕ−1(H) is closed in G
by Lemma 23, it is Polish and hence ϕ : ϕ−1(H) → H is an isomorphism between two Polish groups. Let δ > 0 and let
U = {x ∈H | ‖x‖ < δ} be an open neighborhood of 0 in H. Then ϕ−1(U) =⋃n1 ϕ−1({x ∈H | ‖x‖  δ(n−1)n }), each of the
sets ϕ−1({x ∈H | ‖x‖  δ(n−1)n }) is analytic by Lemma 26, ϕ−1(U) is an analytic subset of G and hence ϕ−1(U) has the
Baire property. It follows that ϕ : ϕ−1(H) →H is a topological isomorphism by Corollary 3.
ϕ−1(U(H)) is closed in G by Lemma 23. Therefore ϕ : ϕ−1(U(H)) → U(H) is an algebraic isomorphism between
two Polish groups. Let {hn}n1 be a dense subset of H and let Ψ : ϕ−1(U(H)) → ∏n1 ϕ−1(H) be deﬁned by
Ψ (ϕ−1((0,U ))) = ∏n1 ϕ−1((0,U ))ϕ−1((hn, I))(ϕ−1((0,U )))−1 = ∏n1 ϕ−1((U (hn), I)). If U1, U2 ∈ U(H) are such that∏
n1 ϕ
−1((U1(hn), I)) = Ψ (ϕ−1((0,U1))) = Ψ (ϕ−1((0,U2))) =∏n1 ϕ−1((U2(hn), I)) then U1(hn) = U2(hn) for every n1,
U1 = U2 since {hn}n1 is dense in H and therefore Ψ is one-to-one. Ψ is continuous onto its range since the group op-
erations are continuous in G . If Φ :∏n1 ϕ−1(H) →∏n1H is the mapping Φ(∏n1 ϕ−1((xn, I))) =∏n1(xn, I), then Φ
is a topological isomorphism since ϕ : ϕ−1(H) →H is a topological isomorphism. For each n  1 let Fn : U(H) →H be
deﬁned as Fn((0,U )) = (0,U )(hn, I)(0,U )−1 = (U (hn), I). Since the group operations are continuous, each Fn is continuous.
Let F : U(H) →∏n1H be deﬁned as F ((0,U )) =∏n1 Fn((0,U )) =∏n1(U (hn), I). Note that the range of F is the same
as the range of Φ ◦ Ψ . If U1, U2 ∈ U(H) are such that F ((0,U1)) = F ((0,U2)) then ∏n1(U1(hn), I) =∏n1(U2(hn), I),
U1(hn) = U2(hn), U1 = U2 and so F is one-to-one. F is continuous onto its range since the group multiplication is continu-
ous. By the Lusin–Souslin Theorem [15, page 89] we have that F (U(H)) is a Borel set and F−1 : F (U(H)) → U(H), deﬁned
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(F−1 ◦Φ ◦Ψ )(ϕ−1((0,U ))) = (0,U ) = ϕ(ϕ−1((0,U ))) we have that ϕ|ϕ−1(U(H)) = F−1 ◦Φ ◦Ψ and hence ϕ|ϕ−1(U(H) is Borel
measurable. It follows from Corollary 3 that ϕ|ϕ−1(U(H)) is a topological isomorphism. Note that if H is inﬁnite dimensional
this is true by Theorem 19. However, the proof from this paragraph works independent of the dimension of H.
Let f : ϕ−1(H)×ϕ−1(U(H)) → G be deﬁned as f (ϕ−1((a, I)),ϕ−1((0,U ))) = ϕ−1((a, I))ϕ−1((0,U ))) = ϕ−1((a,U )). f is
obviously one-to-one and onto. Since the group operations are continuous, f is continuous. It follows from the Lusin–Souslin
Theorem [15, page 89] that f −1 : G → ϕ−1(H)×ϕ−1(U(H)) is Borel measurable. The mapping g : ϕ−1(H)×ϕ−1(U(H)) →
H × U(H) deﬁned as g(ϕ−1(a, I),ϕ−1(0,U )) = (ϕ(ϕ−1((a, I))),ϕ(ϕ−1((0,U )))) = (a,U ) is a topological isomorphism
since the restrictions of ϕ to ϕ−1(H) and ϕ−1(U(H)) are topological isomorphisms. The mapping h : H × U(H) →
H  U(H) deﬁned as h((a,U )) = (a,U ) is obviously a topological isomorphism. Thus h ◦ g ◦ f −1 is Borel measurable.
Since (h ◦ g ◦ f −1)(ϕ−1((a,U ))) = h(g(ϕ−1((a, I)),ϕ−1((0,U )))) = h((a,U )) = (a,U ) = ϕ(ϕ−1((a,U ))), ϕ = h ◦ g ◦ f −1, ϕ is
a Borel isomorphism and therefore ϕ is a topological isomorphism by Corollary 3. 
Notice that Theorem 27 includes the special case Cn  U(n).
Proposition 28. The natural semidirect product Cn  SU(n) is an algebraically determined Polish group if n  2 and is not an
algebraically determined Polish group if n = 1.
Proof. If n = 1 then C SU(1) is isomorphic to (C,+) and therefore it is not an algebraically determined Polish group.
Suppose n  2. Then SU(n) acts transitively on the unit sphere in Cn . It suﬃces to prove this if n = 2. So suppose that
(α,β) ∈ C2 with |α|2 + |β|2 = 1. Then ( α −β
β α
) ∈ SU(2) and ( α −β
β α
) · ( 1
0
) = ( αβ ). Next, if λ = exp(2π i/n) then λI ∈ SU(n)
and SU(n) is the centralizer of λI in Cn SU(n). With these two observations one proves this theorem in an almost word-
for-word manner by following the proofs of Theorem 27 and its preparatory lemmas, but with certain simpliﬁcations. In
particular, after proving that ϕ−1(SU(n)) is closed in G , we have that ϕ : ϕ−1(SU(n)) → SU(n) is a topological isomorphism
by Proposition 4 since SU(n) is a compact connected semisimple Lie group. 
5. Countable products
The results of Sections 3 and 4 can be combined with the general results on countable products of algebraically deter-
mined Polish groups contained in Proposition 7 and Proposition 8 to give a wide variety of results, a small sampling of
which are given in this section.
Proposition 29. For each  1 let G be one of the following groups: {e};U(H), whereH is an inﬁnite dimensional separable complex
Hilbert space; SU(n), where 1 n < +∞; Then G =∏1 G is an algebraically determined Polish group.
Proof. This proposition will follow immediately from Proposition 8 once we verify that its hypotheses are satisﬁed. This is
trivial for {e}.
U(H) is an algebraically determined Polish group by Theorem 19. Every element of U(H) is a commutator of a pair of
elements in U(H) by [6, page 134, problem 191].
The main theorem in [5] implies that every element of SU(n) is a commutator of a pair of elements in SU(n). If
n = 1 then SU(n) is the identity. If n 2 then SU(n) is a compact connected semisimple Lie group and is an algebraically
determined Polish group by Proposition 4. 
Proposition 30. For each  1 let G be one of the following groups: {e};HU(H), whereH is a separable complex Hilbert space;
Cn  SU(n) where n 2. Then G =∏1 G is an algebraically determined Polish group.
Proof. This proposition will follow immediately from Proposition 7 once we verify that its hypotheses are satisﬁed. This is
trivial for {e}.
A direct computation shows that H  U(H), where H is a separable complex Hilbert space, and Cn  SU(n), where
n  2, all have trivial center. We have shown in the previous section that all of these groups are algebraically determined
Polish groups. 
Notice that by allowing G = {e} we encompass the case of ﬁnite as well as countably inﬁnite products in the previous
proposition.
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